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STRONGLY SOLID II1 FACTORS
WITH AN EXOTIC MASA
CYRIL HOUDAYER AND DIMITRI SHLYAKHTENKO*
Abstract. Using an extension of techniques of Ozawa and Popa, we
give an example of a non-amenable strongly solid II1 factorM containing
an “exotic” maximal abelian subalgebra A: as an A,A-bimodule, L2(M)
is neither coarse nor discrete. Thus we show that there exist II1 factors
with such property but without Cartan subalgebras. It also follows from
Voiculescu’s free entropy results thatM is not an interpolated free group
factor, yet it is strongly solid and has both the Haagerup property and
the complete metric approximation property.
1. Introduction
In their breakthrough paper [14], Ozawa and Popa showed that the free
group factors L(Fn) are strongly solid, i.e. the normalizer NL(Fn)(P ) = {u ∈
U (L(Fn)) : uPu
∗ = P} of any diffuse amenable subalgebra P ⊂ L(Fn)
generates an amenable von Neumann algebra, thus AFD by Connes’ result
[3]. This strengthened two well-known indecomposability results for free
group factors: Voiculescu’s celebrated result in [28], showing that L(Fn) has
no Cartan subalgebra, which in fact exhibited the first examples of factors
with no Cartan decomposition; and Ozawa’s result in [13], showing that the
commutant in L(Fn) of any diffuse subalgebra must be amenable (L(Fn)
are solid). Furthermore in [15], Ozawa and Popa showed that for any lattice
Γ in SL(2,R) or SL(2,C), the group von Neumann algebra L(Γ) is strongly
solid as well.
In this paper, we use a combination of Popa’s deformation and intertwin-
ing techniques [16, 18, 19] and the techniques of Ozawa and Popa [14, 15]
to give another example of a strongly solid II1 factor not isomorphic to an
amplification of a free group factor, i.e. to an interpolated free group factor
[5, 21] (the first example of this kind was constructed by the first-named
author in [12], answering an open question of Popa [17]).
Our example is rather canonical: it is the crossed product of a free group
factor L(F∞) by Z, acting by a free Bogoljubov transformation obtained via
Voiculescu’s free Gaussian functor (cf. [30]). Roughly speaking, recall [30]
that to any separable real Hilbert space HR, one can associate a finite von
2000 Mathematics Subject Classification. 46L10; 46L54.
Key words and phrases. Free group factors; Deformation/rigidity; Intertwining tech-
niques; Free probability.
* Research partially supported by NSF grant DMS-0555680.
1
2 C. HOUDAYER AND D. SHLYAKHTENKO
Neumann algebra Γ(HR)
′′ which is precisely isomorphic to the free group
factor L(FdimHR). To any orthogonal representation π : Z → O(HR) of Z
on HR corresponds a trace-preserving action σ
pi : Z y Γ(HR)′′, called the
Bogoljubov action associated with the orthogonal representation π. Alterna-
tively, our algebra can be viewed as a free Krieger algebra in the terminology
of [22], constructed from an abelian subalgebra and a certain completely pos-
itive map (related to the spectral measure of the Z-action). It is in this way
rather similar to a core of a free Araki-Woods factor [23, 24]. Along these
lines, our main results are the following.
Theorem A. Let π : Z → O(HR) be an orthogonal representation on the
real Hilbert space HR such that the spectral measure of π has no atoms.
Denote by M = L(F∞) ⋊σpi Z the crossed product under the Bogoljubov
action. Then for any maximal abelian subalgebra A ⊂ M , the normalizer
NM (A) generates an amenable von Neumann algebra.
In particular, the II1 factorM = L(F∞)⋊σpiZ has no Cartan subalgebras.
Under additional assumptions on the orthogonal representation π, we can
obtain a stronger result.
Theorem B. Let π : Z → O(HR) be a mixing orthogonal representation
on the real Hilbert space HR. Then M = L(F∞) ⋊σpi Z is a non-amenable
strongly solid II1 factor, i.e. for any P ⊂ M diffuse amenable subalgebra,
NM (P )
′′ is an amenable von Neumann algebra.
Note that in both cases, M has the Haagerup property and the complete
metric approximation property, i.e. Λcb(M) = 1.
The proof of Theorems A and B, following a “deformation/rigidity” strat-
egy, is a combination of the ideas and techniques in [12, 14, 15, 18]. We will
use the “free malleable deformation” by automorphisms (αt, β) defined on
Γ(HR)
′′ ∗Γ(HR)′′ = Γ(HR⊕HR)′′. This deformation naturally arises as the
“second quantization” of the rotations/reflection defined on HR ⊕HR that
commute with the Z-representation π ⊕ π.
The proof of Theorem B then consists in two parts. Let π : Z→ O(HR)
be a mixing orthogonal representation and denote by M = L(F∞) ⋊σpi Z
the corresponding crossed product II1 factor. First, we show that given any
amenable subalgebra P ⊂ M such that P does not embed into L(Z) inside
M , the normalizer NM (P ) generates an amenable von Neumann algebra
(see Theorem 3.5). For this, we will exploit the facts that the deformation
(αt) does not converge uniformly on the unit ball (P )1 and that P ⊂ M
is weakly compact, and use the technology from [14, 15]. So if P ⊂ M is
diffuse, amenable such that NM (P )
′′ is not amenable, P must embed into
L(Z) inside M . Exploiting Popa’s intertwining techniques and the fact that
the Z-action σpi is mixing, we prove that NM (P )
′′ is “captured” in L(Z)
and finally get a contradiction.
In proving that free group factors L(Fn) have no Cartan subalgebras [28],
Voiculescu proved that they actually have a formally stronger property: for
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any MASA (maximal abelian subalgebra) A ⊂ N = L(Fn), L
2(N) (when
viewed as an A,A-bimodule) contains a sub-bimodule of L2(A)⊗ L2(A). In
more classical language, for every MASA L∞[0, 1] ∼= A ⊂ N , every vector
ξ ∈ L2(N) gives rise to a measure ψ = ψξ on [0, 1]
2 determined by∫
f(x)g(y)dψ(x, y) = 〈fJg∗Jξ, ξ〉, f, g ∈ A.
Voiculescu proved that, for any such A ⊂ N ∼= L(Fn), there exists a
nonzero vector ξ for which ψ is Lebesgue absolutely continuous. Any N
with this property cannot of course have Cartan subalgebras, since if A
is a Cartan subalgebra, the measure ψ will have to be “r-discrete” (i.e.,
ψ(B) =
∫
νt(B)dt for some family of discrete measures νt).
This raised the obvious question: if N has no Cartan subalgebras, must
it be that for any diffuse MASA A ⊂ N , the A,A-bimodule L2(N) contains
a sub-bimodule of L2(A) ⊗ L2(A)? We answer this question in the nega-
tive. Our examples M = L(F∞) ⋊ Z, while strongly solid (or having no
Cartan subalgebras), have an “exotic” MASA A = L(Z), so that L2(M),
when viewed as an A,A-bimodule, contains neither coarse nor r-discrete
sub-bimodules. In other words, for all ξ 6= 0, ψξ is neither r-discrete nor
Lebesgue absolutely continuous. In particular, combined with Voiculescu’s
results, this property shows that our examples M are not interpolated free
group factors. Thus we prove:
Corollary A. Let π : Z → O(HR) be an orthogonal representation on the
real Hilbert space HR such that the spectral measure of
⊕
n≥1 π
⊗n is singular
w.r.t. the Lebesgue measure and has no atoms. Then the non-amenable II1
factor M = L(F∞) ⋊σpi Z has no Cartan subalgebra and is not isomorphic
to any interpolated free group factor L(Ft), 1 < t ≤ +∞.
Assuming that the representation π is mixing, we can obtain (see Theorem
4.4) new examples of strongly solid II1 factors not isomorphic to interpolated
free group factors (see [12, 17]).
Corollary B. Let π : Z → O(HR) be a mixing orthogonal representation
on the real Hilbert space HR such that the spectral measure of
⊕
n≥1 π
⊗n
is singular w.r.t. the Lebesgue measure. Then the non-amenable II1 factor
M = L(F∞)⋊σpiZ is strongly solid and is not isomorphic to any interpolated
free group factor L(Ft), 1 < t ≤ +∞.
In Section 4, we will present examples of orthogonal representations π :
Z → O(HR) which satisfy the assumptions of Corollaries A and B. After
recalling the necessary background in Section 2, Theorems A and B are
proven in Section 3.
Acknowledgements. Part of this work was done while the first-named
author was at University of California, Los Angeles. The first-named author
is very grateful to the warm hospitality and the stimulating atmosphere at
UCLA. He finally thanks Stefaan Vaes for fruitful discussions regarding this
work during his visit at University of Leuven.
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2. Preliminaries
2.1. Popa’s intertwining techniques. We first recall some notation. Let
P ⊂M be an inclusion of finite von Neumann algebras. The normalizer of
P inside M is defined as
NM(P ) := {u ∈ U (M) : Ad(u)P = P} ,
where Ad(u) = u·u∗. The inclusion P ⊂M is said to be regular if NM (P )′′ =
M . The quasi-normalizer of P inside M is defined as
QN M (P ) :=
{
a ∈M : ∃b1, . . . , bn ∈M,aP ⊂
∑
i
Pbi, Pa ⊂
∑
i
biP
}
.
The inclusion P ⊂M is said to be quasi-regular if QN M (P )
′′ =M . More-
over,
P ′ ∩M ⊂ NM (P )′′ ⊂ QN M (P )′′.
Let A,B be finite von Neumann algebras. An A,B-bimodule H is a com-
plex (separable) Hilbert space H together with two commuting normal ∗-
representations πA : A → B(H), πB : B
op → B(H). We shall intuitively
write aξb = πA(x)πB(y
op)ξ, ∀x ∈ A,∀y ∈ B,∀ξ ∈ H. We say that HB is
finitely generated as a right B-module if HB is of the form pL
2(B)⊕n for
some projection p ∈Mn(C)⊗B.
In [18, 19], Popa introduced a powerful tool to prove the unitary conjugacy
of two von Neumann subalgebras of a tracial von Neumann algebra (M, τ).
We will make intensively use of this technique. If A,B ⊂ (M, τ) are (possibly
non-unital) von Neumann subalgebras, denote by 1A (resp. 1B) the unit of
A (resp. B).
Theorem 2.1 (Popa, [18, 19]). Let (M, τ) be a finite von Neumann alge-
bra. Let A,B ⊂ M be possibly non-unital von Neumann subalgebras. The
following are equivalent:
(1) There exist n ≥ 1, a possibly non-unital ∗-homomorphism ψ : A →
Mn(C)⊗B and a non-zero partial isometry v ∈M1,n(C)⊗ 1AM1B
such that xv = vψ(x), for any x ∈ A.
(2) The bimodule AL
2(1AM1B)B contains a non-zero sub-bimodule AHB
which is finitely generated as a right B-module.
(3) There is no sequence of unitaries (uk) in A such that
lim
k→∞
‖EB(a
∗ukb)‖2 = 0,∀a, b ∈ 1AM1B .
If one of the previous equivalent conditions is satisfied, we shall say that
A embeds into B inside M and denote A M B. For simplicity, we shall
write Mn :=Mn(C)⊗M .
2.2. The complete metric approximation property.
Definition 2.2 (Haagerup, [8]). A finite von Neumann algebra (M, τ) is
said to have the complete metric approximation property (c.m.a.p.) if there
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exists a net Φn : M → M of (τ -preserving) normal finite rank completely
bounded maps such that
(1) limn ‖Φn(x)− x‖2 = 0, ∀x ∈M ;
(2) limn ‖Φn‖cb = 1.
It follows from Theorem 4.9 in [1] that if G is a countable amenable
group and Q is a finite von Neumann algebra with the c.m.a.p., then for
any action Gy (Q, τ), the crossed product Q⋊G has the c.m.a.p. as well.
The notation ⊗¯ will be used for the spatial tensor product.
Definition 2.3 (Ozawa & Popa, [14]). Let Γ be a discrete group, let (P, τ)
be a finite von Neumann algebra and let σ : Γ y P be a τ -preserving
action. The action is said to be weakly compact if there exists a net (ηn) of
unit vectors in L2(P ⊗¯P¯ )+ such that
(1) limn ‖ηn − (v ⊗ v¯)ηn‖2 = 0, ∀v ∈ U (P );
(2) limn ‖ηn − (σg ⊗ σ¯g)ηn‖2 = 0, ∀g ∈ Γ;
(3) 〈(a⊗ 1)ηn, ηn〉 = τ(a) = 〈ηn, (1⊗ a¯)ηn〉, ∀a ∈M,∀n.
These conditions force P to be amenable. A von Neumann algebra P ⊂M is
said to be weakly compact insideM if the action by conjugation NM (P )y P
is weakly compact.
Theorem 2.4 (Ozawa & Popa, [14]). Let M be a finite von Neumann al-
gebra with the complete metric approximation property. Let P ⊂ M be an
amenable von Neumann subalgebra. Then P is weakly compact inside M .
2.3. Voiculescu’s free Gaussian functor [27, 30]. Let HR be a real sep-
arable Hilbert space. Let H = HR⊗RC be the corresponding complexified
Hilbert space. The full Fock space of H is defined by
F (H) = CΩ⊕
∞⊕
n=1
H⊗n.
The unit vector Ω is called the vacuum vector. For any ξ ∈ H, we have the
left creation operator
ℓ(ξ) : F (H)→ F (H) :
{
ℓ(ξ)Ω = ξ,
ℓ(ξ)(ξ1 ⊗ · · · ⊗ ξn) = ξ ⊗ ξ1 ⊗ · · · ⊗ ξn.
For any ξ ∈ H, we denote by s(ξ) the real part of ℓ(ξ) given by
s(ξ) =
ℓ(ξ) + ℓ(ξ)∗
2
.
The crucial result of Voiculescu [30] is that the distribution of the operator
s(ξ) w.r.t. the vacuum vector state 〈·Ω,Ω〉 is the semicircular law supported
on the interval [−‖ξ‖, ‖ξ‖], and for any subset Ξ ⊂ HR of pairwise orthog-
onal vectors, the family {s(ξ) : ξ ∈ Ξ} is freely independent. Set
Γ(HR)
′′ = {s(ξ) : ξ ∈ HR}′′.
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The vector state τ = 〈·Ω,Ω〉 is a faithful normal trace on Γ(HR)
′′, and
Γ(HR)
′′ ∼= L(FdimHR).
Since Γ(HR)
′′ is a free group factor, Γ(HR)′′ has the Haagerup property and
the c.m.a.p. [8].
Remark 2.5 ([25, 30]). Explicitely the value of τ on a word in s(ξι) is given
by
(1) τ(s(ξ1) · · · s(ξn)) = 2
−n ∑
({βi,γi})∈NC(n),βi<γi
n/2∏
k=1
〈ξβk , ξγk〉.
for n even and is zero otherwise. Here NC(2p) stands for all the non-crossing
pairings of the set {1, . . . , 2p}, i.e. pairings for which whenever a < b < c <
d, and a, c are in the same class, then b, d are not in the same class. The
total number of such pairings is given by the p-th Catalan number
Cp =
1
p+ 1
(
2p
p
)
.
Let G be a countable group together with an orthogonal representation
π : G→ O(HR). We shall still denote by π : G→ U (H) the corresponding
unitary representation on the complexified Hilbert space H = HR ⊗R C.
The free Bogoljubov shift σpi : G y (Γ(HR)′′, τ) associated with the repre-
sentation π is defined by
σpig = Ad(F (πg)),∀g ∈ G,
where F (πg) =
⊕
n≥0 π
⊗n
g ∈ U (F (H)).
Notation 2.6. For a countable group G together with an orthogonal rep-
resentation π : G→ O(HR), we shall denote by
Γ(HR, G, π)
′′ = Γ(HR)′′ ⋊σpi G.
Example 2.7. If (π,H) = (λG, ℓ
2(G)) is the left regular representation of
G, it is easy to see that the action σλG : Gy Γ(ℓ2(G))′′ is the free Bernoulli
shift and in that case Γ(ℓ2(G), G, λG)
′′ ∼= L(Z) ∗ L(G).
For any n ≥ 0, denote by K
(n)
pi = H⊗n ⊗ ℓ2(G) with the L(G), L(G)-
bimodule structure given by:
ug · (ξ1 ⊗ · · · ⊗ ξn ⊗ δh) = πgξ1 ⊗ · · · ⊗ πgξn ⊗ δgh
(ξ1 ⊗ · · · ⊗ ξn ⊗ δh) · ug = ξ1 ⊗ · · · ⊗ ξn ⊗ δhg.
It is then straightforward to check that as L(G), L(G)-bimodules, we have
the following isomorphism
L2(Γ(HR, G, π)
′′) ∼=
⊕
n≥0
K(n)pi .
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Recall that π is said to be mixing if
lim
g→∞〈πgξ, η〉 = 0,∀ξ, η ∈ H.
The following proposition is an easy consequence of Remark 2.5 and Ka-
plansky density theorem.
Proposition 2.8. Let G be a countable group together with an orthogonal
representation π : G→ O(HR). The following are equivalent:
(1) The representation π : G→ O(HR) is mixing.
(2) The τ -preserving action σpi : Gy Γ(HR)′′ is mixing, i.e.
lim
g→∞ τ(σ
pi
g (x)y) = 0,∀x, y ∈ Γ(HR)
′′ ⊖C.
3. Proof of Theorems A and B
3.1. The free malleable deformation on Γ(HR, G, π)
′′. Let G be a
countable group together with an orthogonal representation π : G→ O(HR).
Set
• M = Γ(HR, G, π)
′′.
• M˜ = Γ(HR ⊕HR, G, π ⊕ π)
′′.
Thus, we can regard M˜ as the amalgamated free product
M˜ =M ∗L(G) M,
where we view M ⊂ M˜ under the identification with the left copy. Consider
the following orthogonal transformations on HR ⊕HR:
Ut =
(
cos(pi2 t) − sin(
pi
2 t)
sin(pi2 t) cos(
pi
2 t)
)
,∀t ∈ R,
V =
(
1 0
0 −1
)
.
Define the associated deformation (αt, β) on Γ(HR ⊕HR)
′′ by
αt = Ad(F (Ut)), β = Ad(F (V )).
Since Ut, V commute with π ⊕ π, it follows that αt, β commute with the
diagonal action σpi ∗ σpi. We can then extend the deformation (αt, β) to M˜
by αt|L(G) = β|L(G) = Id. Moreover it is easy to check that the deformation
(αt, β) is malleable in the sense of Popa:
Proposition 3.1. The deformation (αt, β) satisfies:
(1) limt→0 ‖x− αt(x)‖2 = 0, ∀x ∈ M˜ .
(2) β2 = Id, αtβ = βα−t, ∀t ∈ R.
(3) α1(x ∗L(G) 1) = 1 ∗L(G) x, ∀x ∈M .
We recall at last that the s-malleable deformation (αt, β) automatically
features a certain transversality property.
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Proposition 3.2 (Popa, [16]). We keep the same notation as before. We
have the following:
(2) ‖x− α2t(x)‖2 ≤ 2‖αt(x)− (EM ◦ αt)(x)‖2, ∀x ∈M,∀t > 0.
The following result of the first-named author about intertwining subal-
gebras inside the von Neumann algebras Γ(HR, G, π)
′′ (see Theorems 5.2 in
[10] and 3.4 in [11]) will be a crucial tool in the next subsection.
Theorem 3.3 ([10, 11]). Let G be a countable group. Let π : G → O(HR)
be any orthogonal representation. Set M = Γ(HR, G, π)
′′. Let p ∈ M be
a non-zero projection. Let P ⊂ pMp be a von Neumann subalgebra such
that the deformation (αt) converges uniformly on the unit ball (P )1. Then
P M L(G).
3.2. The key result. Let M,N,P be finite von Neumann algebras. For
any M,N -bimodules H,K, denote by πH (resp. πK) the associated ∗-
representation of the binormal tensor product M ⊗bin N
op on H (resp. on
K). We refer to [6] for the definition of ⊗bin. We say that H is weakly
contained in K and denote it by H ≺ K if the representation πH is weakly
contained in the representation πK , that is if ker(πH) ⊃ ker(πK). Let H,K
be M,N -bimodules. The following are true:
(1) Assume that H ≺ K. Then, for any N -P bimodule L, we have
H ⊗N L ≺ K ⊗N L, as M,P -bimodules. Exactly in the same way,
for any P,M -bimodule L, we have L ⊗M H ≺ L ⊗M K, as P,N -
bimodules (see Lemma 1.7 in [1]).
(2) A von Neumann algebra B is amenable iff L2(B) ≺ L2(B)⊗L2(B),
as B-B bimodules.
Let B,M,N be von Neumann algebras such that B is amenable. Let H
be any M,B-bimodule and let K be any B,N -bimodule. Then, as M,N -
bimodules, we have H ⊗B K ≺ H ⊗K (straightforward consequence of (1)
and (2)).
Lemma 3.4. Let G be an amenable group together with an orthogonal
representation π : G → O(HR). Let M = Γ(HR, G, π)
′′. The M,M -
bimodule H = L2(M˜ ) ⊖ L2(M) is weakly contained in the coarse bimod-
ule L2(M) ⊗ L2(M). In particular, the left M -action on H extends to a
u.c.p. map Ψ : B(L2(M)) → B(H ) whose range commutes with the right
M -action.
Proof. Set B = L(G) which is amenable by assumption. By definition of
the amalgamated free product M˜ =M ∗L(G)M (see [30]), we have as M,M -
bimodules
L2(M˜)⊖ L2(M) ∼=
⊕
n≥1
Hn,
where
Hn = L
2(M)⊗B
2n−1︷ ︸︸ ︷
(L2(M)⊖ L2(B))⊗B · · · ⊗B (L
2(M)⊖ L2(B))⊗BL
2(M).
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Since B = L(G) is amenable, the identity bimodule L2(B) is weakly con-
tained in the coarse bimodule L2(B)⊗L2(B). From the standard properties
of composition and weak containment of bimodules (see Lemma 1.7 in [1]),
it follows that as M,M -bimodules
Hn ≺ L
2(M)⊗
2n−1︷ ︸︸ ︷
(L2(M)⊖ L2(B))⊗ · · · ⊗ (L2(M)⊖ L2(B))⊗L2(M).
Consequently, we obtain as M,M -bimodules
H = L2(M˜)⊖ L2(M) ≺ L2(M)⊗ L2(M).
Now the rest of the proof is the same as the one of Lemma 5.1 in [15]. The bi-
normal representation µ of M⊙Mop on H is continuous w.r.t. the minimal
tensor product. Hence µ extends to a u.c.p. map µ˜ from B(L2(M))⊗¯Mop
to B(H ). Define Ψ(x) = µ˜(x ⊗ 1), ∀x ∈ B(L2(M)). Since Mop is in the
multiplicative domain of µ˜, it follows that the range of Ψ commutes with
the right M -action. 
The next theorem, which is the key result of this section in order to prove
Theorems A and B, can be viewed as an analog of Theorems 4.9 in [14], B
in [15] and 3.3 in [12].
Theorem 3.5. Let G be an amenable group together with an orthogonal
representation π : G → O(HR). Let M = Γ(HR, G, π)
′′. Let P ⊂ M be an
amenable subalgebra such that P M L(G). Then NM (P )′′ is amenable.
Proof. The proof is conceptually similar to the one of Theorem 4.9 in [14]
under weaker assumptions: the malleable deformation (αt) defined on M =
Γ(HR, G, π)
′′ is not assumed to be “compact over L(G)” and the bimodule
L2(M˜)⊖L2(M) is merely weakly contained in the coarse bimodule L2(M)⊗
L2(M). To overcome these technical difficulties, we will use ideas from the
proof of Theorem B in [15]. Note that the symbol “Lim” will be used for a
state on ℓ∞(N), or more generally on ℓ∞(I) with I directed, which extends
the ordinary limit.
Let G be an amenable group and let π : G → O(HR) be an orthogonal
representation. Let M = Γ(HR, G, π)
′′. Let P ⊂ M be an amenable von
Neumann subalgebra such that P M L(G). Since M has the c.m.a.p.,
P is weakly compact inside M . Then there exists a net (ηn) of vectors in
L2(P ⊗¯P¯ )+ such that
(1) limn ‖ηn − (v ⊗ v¯)ηn‖2 = 0, ∀v ∈ U (P );
(2) limn ‖ηn −Ad(u⊗ u¯)ηn‖2 = 0, ∀u ∈ NM (P );
(3) 〈(a⊗ 1)ηn, ηn〉 = τ(a) = 〈ηn, (1⊗ a¯)ηn〉, ∀a ∈M,∀n.
We consider ηn ∈ L
2(M⊗¯M¯ )+, and note that (J ⊗ J¯)ηn = ηn, where J de-
notes the canonical anti-unitary on L2(M). We shall simply denote NM (P )
by G .
Let z ∈ Z (G ′ ∩M) be a non-zero projection. Since P M L(G) and
z ∈ P ′ ∩M , it follows that Pz M L(G). Theorem 3.3 then yields that the
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deformation (αt) does not converge uniformly on (Pz)1. Since any selfad-
joint element x ∈ (Pz)1 can be written
x =
1
2
‖x‖∞(u+ u∗)
where u ∈ U (Pz), it follows that (αt) does not converge uniformly on
U (Pz) either. Combining this with the inequality (2) in Proposition 3.2, we
get that there exist 0 < c < 1, a sequence of positive reals (tk) and a sequence
of unitaries (uk) in U (P ) such that limk tk = 0 and ‖αtk (ukz) − (EM ◦
αtk)(ukz)‖2 ≥ c‖z‖2, ∀k ∈ N. Since ‖αtk (ukz)‖2 = ‖z‖2, by Pythagora’s
theorem, we obtain
(3) ‖(EM ◦ αtk)(ukz)‖2 ≤
√
1− c2‖z‖2,∀k ∈ N.
Set δ = 1−
√
1−c2
6 ‖z‖2. Choose and fix k0 ∈ N such that
(4) ‖αtk(z)− z‖2 ≤ δ,∀k ≥ k0.
Define for any n and any k ≥ k0,
ηkn = (αtk ⊗ 1)(ηn) ∈ L
2(M˜ )⊗ L2(M¯)
ξkn = (eMαtk ⊗ 1)(ηn) ∈ L
2(M)⊗ L2(M¯)
ζkn = (e
⊥
Mαtk ⊗ 1)(ηn) ∈ (L
2(M˜)⊖ L2(M)) ⊗ L2(M¯).
We observe that
(5) ‖(x⊗ 1)ηkn‖
2
2 = τ(EM (α
−1
tk
(x∗x))) = ‖x‖22,∀x ∈ M˜.
As in the proof of Theorem 4.9 in [14], noticing that L2(M˜) ⊗ L2(M¯) is
an M⊗¯M¯ -module and since ηkn = ξ
k
n + ζ
k
n, Equation (5) gives that for any
u ∈ G , and for any k ≥ k0,
Lim
n
‖[u⊗ u¯, ζkn]‖2 ≤ Limn
‖[u⊗ u¯, ηkn]‖2(6)
≤ Lim
n
‖(αtk ⊗ 1)([u ⊗ u¯, ηn])‖2 + 2‖u− αtk(u)‖2
= 2‖u− αtk(u)‖2.
Moreover, for any x ∈M ,
‖(x⊗ 1)ζkn‖2 = ‖(x⊗ 1)(e
⊥
M ⊗ 1)η
k
n‖2
= ‖(e⊥M ⊗ 1)(x⊗ 1)η
k
n‖2
≤ ‖(x⊗ 1)ηkn‖2 = ‖x‖2.
Claim 3.6. For any k ≥ k0,
(7) Lim
n
‖(z ⊗ 1)ζkn‖2 ≥ δ.
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Proof of Claim 3.6. We prove the claim by contradiction. Exactly as in the
proof of Theorem 4.9 in [14], noticing that eMz = zeM (since z ∈ M) and
zuk = ukz (since z ∈ Z (G
′ ∩M)), and using (4) we have
Lim
n
‖(z ⊗ 1)ηkn − (eMαtk(uk)z ⊗ u¯k)ξ
k
n‖2
≤ Lim
n
‖(z ⊗ 1)ηkn − (eMαtk(uk)z ⊗ u¯k)η
k
n‖2 + Limn
‖(z ⊗ 1)ζkn‖2
≤ Lim
n
‖(z ⊗ 1)ηkn − (eMzαtk(uk)⊗ u¯k)η
k
n‖2 + ‖[αtk(uk), z]‖2 + δ
≤ Lim
n
‖(z ⊗ 1)ζkn‖2 + Limn
‖ηkn − (αtk(uk)⊗ u¯k)η
k
n‖2
+2‖z − αtk(z)‖2 + δ
≤ Lim
n
‖(αtk ⊗ 1)(ηn − (uk ⊗ u¯k)ηn)‖2 + 4δ = 4δ.
Thus, we would get
‖(EM ◦ αtk)(ukz)‖2 ≥ ‖(EM ◦ αtk)(uk)z‖2 − ‖z − αtk(z)‖2
≥ Lim
n
‖((EM ◦ αtk)(uk)z ⊗ u¯k)η
k
n‖2 − δ
≥ Lim
n
‖(eM ⊗ 1)((EM ◦ αtk)(uk)z ⊗ u¯k)η
k
n‖2 − δ
= Lim
n
‖(eMαtk(uk)z ⊗ u¯k)ξ
k
n‖2 − δ
≥ Lim
n
‖(z ⊗ 1)ηkn‖2 − 5δ
= ‖z‖2 − 5δ >
√
1− c2‖z‖2,
which is a contradiction according to (3). 
We now use the techniques of the proof of Theorem B in [15]. Define a
state ϕz,k on B(H ) ∩ ρ(Mop)′, where ρ(Mop) is the right M -action on H ,
by
ϕz,k(x) = Lim
n
1
‖ζz,kn ‖22
〈(x⊗ 1)ζz,kn , ζ
z,k
n 〉,
where ζz,kn = (z ⊗ 1)ζkn. Note that
ϕz,k(x) = ϕz,k(zx) = ϕz,k(xz),∀x ∈ B(H ) ∩ ρ(Mop)′.
Claim 3.7. Let a ∈ G ′′. Then one has
Lim
k
|ϕz,k(ax− xa)| = 0,
uniformly for x ∈ B(H ) ∩ ρ(Mop)′ with ‖x‖∞ ≤ 1.
Proof of Claim 3.7. For u ∈ G , since z ∈ Z (G ′ ∩M), one has
Lim
n
‖ζz,kn − (u⊗ u¯)ζ
z,k
n (u⊗ u¯)
∗‖2 ≤ Lim
n
‖ζkn − (u⊗ u¯)ζ
k
n(u⊗ u¯)
∗‖2
≤ 2‖u− αtk(u)‖2.
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For every x ∈ B(H ) ∩ ρ(Mop)′, one has
ϕz,k(u∗xu) = Lim
n
1
‖ζz,kn ‖22
〈(x⊗ 1)(u⊗ u¯)ζz,kn (u⊗ u¯)
∗, (u⊗ u¯)ζz,kn (u⊗ u¯)
∗〉,
so that with (6)− (7),
|ϕz,k(u∗xu)− ϕz,k(x)| ≤
4
δ2
‖x‖∞‖u− αtk(u)‖2.
This implies that
Lim
k
|ϕz,k(ax− xa)| = 0,
for each a ∈ span G and uniformly for x ∈ B(H )∩ρ(Mop)′ with ‖x‖∞ ≤ 1.
However, for any a ∈M ,
|ϕz,k(xa)| = Lim
n
1
‖ζz,kn ‖22
|〈(x⊗ 1)(a⊗ 1)ζz,kn , ζ
z,k
n 〉|
≤
1
δ2
‖x‖∞‖za‖2
≤
1
δ2
‖x‖∞‖a‖2,
and likewise for |ϕz,k(ax)|. An application of Kaplansky density theorem
does the job. 
To prove at last that G ′′ is amenable, we will use (as in Theorem B in [15])
Connes’ criterion for finite amenable von Neumann algebras (see Theorem
5.1 in [3] for the type II1 case and Lemma 2.2 in [9] for the general case). For
any non-zero projection z ∈ Z (G ′ ∩M) and any finite subset F ⊂ U (G ′′),
we need to show
‖
∑
u∈F
uz ⊗ uz‖M⊗¯M¯ = |F |.
Let z ∈ Z (G ′ ∩M) be a non-zero projection and let F ⊂ U (G ′′) be a
finite subset. Since theM,M -bimodule H is weakly contained in the coarse
bimodule L2(M) ⊗ L2(M), let Ψ : B(L2(M)) → B(H ) ∩ ρ(Mop)′ be the
u.c.p. map which extends the left M -action on H (see Lemma 3.4). Note
thatM is contained in the multiplicative domain of Ψ. Define ψz,k = ϕz,k◦Ψ
a state on B(L2(M)). Let u ∈ G ′′. By Claim 3.7, one has
Lim
k
|ψz,k((uz)∗x(uz)− x)| = Lim
k
|ϕz,k(Ψ((uz)∗x(uz))−Ψ(x))|
= Lim
k
|ϕz,k((uz)∗Ψ(x)(uz)−Ψ(x))|
= Lim
k
|ϕz,k(u∗Ψ(x)u−Ψ(x))| = 0,
uniformly for x ∈ B(L2(M)) with ‖x‖∞ ≤ 1. By a standard recipe of the
theory together with the Hahn-Banach separation theorem, we can find a
STRONGLY SOLID II1 FACTORS WITH AN EXOTIC MASA 13
net (µz,k) of positive norm-one elements in S1(L
2(M)) (trace-class operators
on L2(M)) such that
lim
k
‖µz,k −Ad(uz)µz,k‖1 = 0,∀u ∈ U (G
′′).
Since the above is satisfied in particular for u = 1 and since F ⊂ G ′′ is finite,
replacing µz,k by zµz,kz/‖zµz,kz‖1 we may assume that µ
z,k ∈ S1(L
2(M))
satisfies µz,k ≥ 0, zµz,kz = µz,k, ‖µz,k‖1 = 1 and
lim
k
‖µz,k −Ad(uz)µz,k‖1 = 0,∀u ∈ F.
Define now νz,k = (µz,k)1/2 ∈ S2(L
2(M)) (Hilbert-Schmidt operators on
L2(M)). The net (νz,k) satisfies zνz,kz = νz,k, ‖νz,k‖2 = 1 and
lim
k
‖νz,k −Ad(uz)νz,k‖2 = 0,∀u ∈ F.
by Powers-Størmer inequality. With the identification
S2(L
2(M)) = L2(M)⊗ L2(M¯ )
as M,M -bimodules it follows that the ∗-representations of M and M¯ given
by the left and right M -actions induce the spatial tensor norm. Thus,
|F | = ‖
∑
u∈F
νz,k‖2
≤ lim
k
‖
∑
u∈F
(uz)νz,k(uz)∗‖2 + lim
k
‖
∑
u∈F
νz,k − (uz)νz,k(uz)∗‖2
≤ ‖
∑
u∈F
uz ⊗ uz‖M⊗¯M¯ .
Since the other inequality is trivial, the proof is complete. 
3.3. Proof of Theorem A. We refer to Section 4 for the necessary back-
ground on spectral measures of unitary representations. Let’s begin with a
few easy observations first. Assume that (N, τ) is a finite von Neumann alge-
bra with no amenable direct summand, i.e. Nz is not amenable, ∀z ∈ Z (N),
z 6= 0. Then for any non-zero projection q ∈ N , qNq is non-amenable. More-
over, if N has no amenable direct summand and N ⊂ N1 is a unital inclusion
of finite von Neumann algebras, then N1 has no amenable direct summand
either.
Lemma 3.8. Let G be a countable group together with an action Gy (N, τ)
on a finite von Neumann algebra. Write M = N⋊G for the crossed product.
Let B ⊂ N be a diffuse subalgebra. Then B M L(G).
Proof. We denote by (vg) the canonical unitaries which generate L(G) ⊂
N ⋊G =M . Let B ⊂ N be a diffuse subalgebra. Let (un) be a sequence of
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unitaries in B such that un → 0 weakly, as n → ∞. Let I, J ⊂ G be finite
subsets and
x =
∑
g∈I
xgvg
y =
∑
h∈J
yhvh,
where xg, yh ∈ N . Then we have
EL(G)(x
∗uny) =
∑
(g,h)∈I×J
τ(x∗gunyh)v
∗
gvh.
In particular,
‖EL(G)(x
∗uny)‖2 ≤
∑
(g,h)∈I×J
|τ(x∗gunyh)|.
Since un → 0 weakly, as n→∞, we get limn ‖EL(G)(x
∗uny)‖2 = 0. Finally,
using Kaplansky density theorem, we obtain
lim
n
‖EL(G)(x
∗uny)‖2 = 0,∀x, y ∈M.
By (3) of Theorem 2.1, it follows that B M L(G). 
Theorem 3.9 (Theorem A). Let π : Z → O(HR) be an orthogonal rep-
resentation such that the spectral measure of π has no atoms. Then M =
Γ(HR,Z, π)
′′ is a non-amenable II1 factor and for any maximal abelian sub-
algebra A ⊂M , NM (A)
′′ is an amenable von Neumann algebra.
Proof. Since the spectral measure of π : Z→ U (H) has no atoms, it follows
that π has no eigenvectors. So the representation F (π) : Z → U (F (H))
has no eigenvectors either. Thus, the corresponding free Bogoljubov action
σpi : Z y Γ(HR)′′ is necessarily outer (see Theorem 5.1) and then M =
Γ(HR,Z, π)
′′ is a II1 factor. Moreover, L(Z) is clearly a MASA in M .
We prove the result by contradiction. Assume that A ⊂M = Γ(HR,Z, π)
′′
is a MASA such that NM (A)
′′ is not amenable. Write 1− z ∈ Z (NM (A)′′)
for the maximal projection such that NM (A)
′′(1 − z) is amenable. Then
z 6= 0 and NM (A)
′′z has no amenable direct summand. Notice that z ∈
A′ ∩M = A and
NM (A)
′′z = NzMz(Az)′′,
by Lemma 3.5 in [18]. Moreover Az ⊂ zMz is a MASA.
Since the action σpi : Zy Γ(HR)′′ is outer, it follows that Γ(HR)′ ∩M =
C. Thanks to Theorem 3.3 in [20], we can find a diffuse abelian subalgebra
B ⊂ Γ(HR)
′′ which is a MASA in M . Since M is a II1 factor and B is
diffuse, there exist a projection p ∈ B and a unitary u ∈ U (M) such that
p = uzu∗. Define A˜ = uAzu∗. Then A˜ ⊂ pMp is a MASA and NpMp(A˜)′′
has no amenable direct summand. Let C = A˜ ⊕ B(1 − p) ⊂ M . Note that
C ⊂ M is still a MASA. Since NM (C)
′′ is not amenable and C ⊂ M is
weakly compact, Theorem 3.5 yields C M L(Z). Since L(Z) is a MASA, if
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we apply Theorem A.1 of [19], we obtain v ∈M a nonzero partial isometry
such that v∗v ∈ C ′ ∩M = C, q = vv∗ ∈ L(Z) and vCv∗ ⊂ L(Z)q. Since
C ⊂ M is also a MASA, we get vCv∗ = L(Z)q. Note that vpv∗ 6= 0,
because otherwise we would have vBv∗ = L(Z)q and this would imply that
B M L(Z), a contradiction according to Lemma 3.8. Thus, with q
′ = vpv∗
we obtain vA˜v∗ = L(Z)q′. Consequently Nq′Mq′(L(Z)q′)′′ is not amenable.
However, as L(Z), L(Z)-bimodules we have the following isomorphism
L2(M) ∼=
⊕
n≥0
K(n)pi ,
where K
(n)
pi = H⊗n ⊗ ℓ2(Z) (see Section 2). Since the spectral measure
of π has no atoms, it follows that L(Z) ⊂ M is a singular MASA, i.e.
NM (L(Z))
′′ = L(Z), and a fortiori Nq′Mq′(L(Z)q′)′′ = L(Z)q′ (by Lemma
3.5 in [18]). We have reached a contradiction. 
3.4. Proof of Theorem B.
Theorem 3.10 (Theorem B). Let π : Z→ O(HR) be a mixing orthogonal
representation. Then the non-amenable II1 factor M = Γ(HR,Z, π)
′′ is
strongly solid.
Proof. Since the representation π : Z → O(HR) is mixing, it has no eigen-
vectors. So the representation F (π) : Z → U (F (H)) has no eigenvectors
either. Thus, the free Bogoljubov action σpi : Z y Γ(HR)′′ is necessarily
outer (see Theorem 5.1) and then M = Γ(HR,Z, π)
′′ is a II1 factor.
Let P ⊂ M be a diffuse amenable von Neumann subalgebra. By contra-
diction assume that NM (P )
′′ is not amenable. Write 1 − z ∈ Z (NM (P )′′)
for the maximal projection such that NM (P )
′′(1 − z) is amenable. Then
z 6= 0 and NM (P )
′′z has no amenable direct summand. Notice that
NM (P )
′′z ⊂ NzMz(Pz)′′.
Since this is a unital inclusion (with unit z), NzMz(Pz)
′′ has no amenable
direct summand either. Let A ⊂ Γ(HR)
′′ be a diffuse abelian subalgebra.
Since M is a II1 factor and A is diffuse, there exist a projection q ∈ A and a
unitary u ∈ U (M) such that q = uzu∗. Define Q = uPzu∗. Then Q ⊂ qMq
is diffuse, amenable and NqMq(Q)
′′ has no amenable direct summand. Let
B = Q ⊕ A(1 − q) ⊂ M . Note that B ⊂ M is a unital diffuse amenable
subalgebra. Since NM (B)
′′ is not amenable and B ⊂M is weakly compact,
Theorem 3.5 yields B M L(Z).
Thus, there exists n ≥ 1, a non-zero partial isometry v ∈ M1,n(C) ⊗M
and a (possibly non-unital) ∗-homomorphism ψ : B → L(Z)n such that
xv = vψ(x), ∀x ∈ B. Observe that qv 6= 0, because otherwise we would
have vv∗ ≤ 1 − q and xv = vψ(x), ∀x ∈ A(1 − q). This would mean that
A(1 − q) M L(Z) and so A M L(Z), which is a contradiction according
to Lemma 3.8. Write qv = w|qv| for the polar decomposition of qv. It
follows that w ∈ M1,n(C) ⊗ M is a non-zero partial isometry such that
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xw = wψ(x), ∀x ∈ Q. This means exactly that Q M L(Z). Note that
ww∗ ∈ Q′ ∩ qMq ⊂ NqMq(Q)′′ and w∗w ∈ ψ(Q)′ ∩ ψ(q)Mnψ(q).
Since the τ -preserving action Zy Γ(HR)′′ is mixing by assumption and
ψ(Q) ⊂ ψ(q)L(Z)nψ(q) is diffuse, it follows from Theorem 3.1 in [18] (see
also Theorem D.4 in [26]) that w∗w ∈ ψ(q)L(Z)nψ(q), so that we may
assume w∗w = ψ(q). Note that w∗Qw = ψ(Q). Moreover since ψ(Q) is
diffuse, Theorem 3.1 in [18] yields that the quasi-normalizer of ψ(Q) inside
ψ(q)Mnψ(q) is contained in ψ(q)L(Z)nψ(q). In particular, we get
Ad(w∗)(ww∗NqMq(Q)′′ww∗) ⊂ ψ(q)L(Z)nψ(q).
Note that Ad(w∗) : ww∗Mww∗ → w∗wMnw∗w is a ∗-isomorphism. Since
ψ(q)L(Z)nψ(q) is amenable and ww∗NqMq(Q)′′ww∗ is non-amenable, we
finally get a contradiction, which finishes the proof. 
The above theorem is still true for any amenable group G (instead of Z),
and any mixing orthogonal representation π : G → O(HR) such that the
corresponding Bogoljubov action σpi : G y Γ(HR)′′ is properly outer, i.e.
σpig is outer, for any g 6= e.
4. New examples of strongly solid II1 factors
4.1. Spectral measures and unitary representations. Let H be a sep-
arable complex Hilbert space. Let G be a locally compact second countable
(l.c.s.c.) abelian group together with π : G → U (H) a ∗-strongly contin-
uous unitary representation. Denote by Ĝ the dual of G. It follows that
C∗(G) ∼= C0(Ĝ) and π gives rise to a ∗-representation σ : C0(Ĝ) → B(H)
such that σ(fg) = π(g), for every g ∈ G, where fg(χ) = χ(g), ∀χ ∈ Ĝ.
Recall that for any unit vector ξ ∈ H, there exists a unique probability
measure on µξ on Ĝ such that∫
Ĝ
f dµξ = 〈σ(f)ξ, ξ〉.
Note that the formula makes sense for every bounded Borel function f on
Ĝ.
Definition 4.1. Let G be a l.c.s.c. abelian group together with π : G →
U (H) a ∗-strongly continuous unitary representation. The spectral measure
Cpi of the unitary representation π is defined as the measure class on Ĝ
generated by all the probability measures µξ, for ξ ∈ H, ‖ξ‖ = 1.
Recall that the support of a measure is the (closed) subset of all points for
which every neighborhood has positive measure. The spectral measure Cpi is
said to be singular if for all the probability measures µ in Cpi, the support of
µ has 0 Haar measure. From now on, we will only consider the cases when
G = Z or R.
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We identify the Pontryagin dual of R with R by the pairing R × R ∋
(x, y) 7→ e2piixy. Define
p : R → T = R/Z
x 7→ x+ Z
the canonical projection. For µ a probability measure on R, the push-
forward measure of µ on T is defined by (p∗µ)(A) = µ(p−1(A)) = µ(A+Z),
∀A ⊂ T Borel subset. The convolution product is denoted by ∗. We shall
write
µ∗k = µ ∗ · · · ∗ µ
for the k-fold convolution product.
Lemma 4.2. Let µ be a probability measure on R. Write ν = p∗µ.
(1) If µ is singular, then ν is singular.
(2) For any k ≥ 1, (p∗µ)∗k and p∗(µ∗k) are absolutely continuous to each
other.
Proof. Denote by λ the Lebesgue measure on R. We may identify (T,Haar)
with ([0, 1], λ) as probability spaces. We use the notation µ1 ∼ µ2 for two
measures absolutely continuous to each other.
(1) Assume that µ is singular. Write K for the support of µ and Kn =
K ∩ [n, n+ 1[. Clearly, supp(ν) ⊂ p(K). We have
Haar(p(K)) ≤
∑
n∈Z
Haar(p(Kn))
=
∑
n∈Z
λ(Kn) = 0.
Thus Haar(supp(ν)) = 0 and ν is singular.
(2) Under the previous identification, we have for any A ⊂ T Borel subset
ν(B) = µ(B + Z)
=
∑
n∈Z
(µ ∗ δn)(B).
Thus for any k ≥ 1, we have
ν∗k =
(∑
n∈Z
µ ∗ δn
)∗k
∼
∑
n∈Z
(∑
µ∗k ∗ δn
)
∼
∑
n∈Z
µ∗k ∗ δn.
Consequently (p∗µ)∗k ∼ p∗(µ∗k). 
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4.2. Examples of strongly solid II1 factors. Erdo¨s showed in [7] that
the symmetric probability measure µθ on R, with θ = 5/2, obtained as the
weak limit of (
1
2
δ−θ−1 +
1
2
δθ−1
)
∗ · · · ∗
(
1
2
δ−θ−n +
1
2
δθ−n
)
is singular w.r.t. the Lebesgue measure λ and has a Fourier Transform
µ˜θ(t) =
∏
n≥1
cos
(
t
θn
)
which vanishes at infinity, i.e. µ˜(t)→ 0, as |t| → ∞.
Example 4.3. Modifying the measure µθ, Antoniou & Shkarin (see Theo-
rem 2.5, v in [2]) constructed an example of a symmetric probability measure
µ on R such that:
(1) The Fourier Transform of µ vanishes at infinity, i.e. µ˜(t) → 0, as
|t| → ∞.
(2) For any n ≥ 1, the n-fold convolution product µ∗n is singular w.r.t.
the Lebesgue measure λ.
Let µ be a symmetric probability measure on R as in Example 4.3 and
consider ν = p∗µ the push-forward measure on the torus T. Since µ(X) =
µ(−X), for any Borel set X ⊂ R, it follows that ν(A) = ν(A), for any Borel
set A ⊂ T, where A = {z¯ : z ∈ A}.
Let πν : Z → U (L2(T, ν)) be the unitary representation defined by
(πνnf)(z) = z
nf(z), ∀f ∈ L2(T, ν), ∀n ∈ Z. Note that moreover
HνR =
{
f ∈ L2(T, ν) : f(z) = f(z¯),∀z ∈ T
}
is a real subspace of L2(T, ν) invariant under πν . Indeed, for all f, g ∈ Hν
R
,
〈f, g〉 =
∫
T
f(z)g(z) dν(z)
=
∫
T
f(z¯)g(z¯) dν(z)
=
∫
T
f(z¯)g(z¯) dν(z¯)
=
∫
T
f(z)g(z) dν(z)
= 〈f, g〉.
By assumption and using Lemma 4.2, it follows that:
(1) The unitary representation πν : Z→ U (L2(T, ν)) is mixing.
(2) The spectral measure of
⊕
n≥1(π
ν)⊗n is singular.
Consider now the non-amenable II1 factor M = Γ(H
ν
R
,Z, πν)′′. Let A =
L(Z). Since πν is mixing, A is maximal abelian in M and singular, i.e.
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NM (A)
′′ = A. Since the spectral measure of the unitary representation⊕
n≥1(π
ν)⊗n is singular and because of the A,A-bimodule isomorphism
L2(M) ∼=
⊕
n≥0
K
(n)
piν ,
where K
(n)
piν = L
2(T, ν)⊗n ⊗ ℓ2(Z) (see Section 2), it follows that the A,A-
bimodule L2(M) is disjoint form the coarse bimodule L2(A)⊗L2(A). Com-
bining Voiculescu’s result (see Corollary 7.6 in [28]) and the second-named
author’s result (see Proposition 9.2 in [22]), it follows that the non-amenable
II1 factor M is not isomorphic to any interpolated free group factor L(Ft),
1 < t ≤ ∞. Moreover, our Theorem 3.10 yields that M is strongly solid,
hence has no Cartan subalgebra.
Theorem 4.4 (Corollary B). The II1 factor M = Γ(H
ν
R
,Z, πν)′′ is strongly
solid, hence has no Cartan subalgebra. Nevertheless, for the maximal abelian
subalgebra A = L(Z), the A,A-bimodule L2(M) is disjoint from the coarse
bimodule L2(A) ⊗ L2(A). Thus, M is never isomorphic to an interpolated
free group factor.
Remark 4.5. For θ = 3, µθ is the Cantor-Lebesgue measure on the ternary
Cantor set. If we set ν = p∗µθ, we get that for any n ≥ 1, the n-fold
convolution product ν∗n is singular w.r.t. the Lebesgue measure λ. In that
case, the II1 factor M = Γ(H
ν
R
,Z, πν)′′ has no Cartan subalgebras and is
not isomorphic to any interpolated free group factor (Corollary A).
4.3. Bimodule decompositions over MASAs. Recall that if µ is a prob-
ability measure on [0, 1] × [0, 1] so that its push-forwards by the projection
maps onto the two copies of [0, 1] are Lebesgue absolutely continuous, then
L2([0, 1] × [0, 1], µ) can be regarded as an L∞[0, 1], L∞[0, 1]-bimodule via
the action
(f1 · ξ · f2)(x, y) = f1(x)ξ(x, y)f2(y),
x, y ∈ [0, 1], fj ∈ L
∞[0, 1], ξ ∈ L∞([0, 1] × [0, 1], µ).
For a von Neumann algebra M , consider the collection C (M) of measure
classes [µ] on [0, 1] × [0, 1] with the property that there exists a MASA
L∞[0, 1] ∼= A ⊂ M so that L2(M), when regarded as an A,A-bimodule,
contains a copy of L2([0, 1]2, µ). Also let D(M) be the collection of all
measure classes [µ] so that for every MASA L∞[0, 1] ∼= A ⊂ M , L2(M)
contains a sub-bimodule of L2([0, 1]2, µ). Clearly, C ⊃ D .
Then (as is well known) M has a Cartan subalgebra if and only if C (M)
contains an r-discrete measure class (i.e., a measure class [µ] for which
µ(B) =
∫
µt(B)dt and µt are a.e. discrete).
Voiculescu in [28] proved that D(L(Fn)) ∋ {Lebesgue Measure}.
It thus remained open whether every II1 factor N must either contain a
Cartan subalgebra, or satisfy that D(N) ∋ {Lebesgue Measure}. Our main
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exampleM = Γ(Hν
R
,Z, πν)′′ answers this question in the negative, as D(M)
does not contain Lebesgue measure and yet M has no Cartan subalgebra.
5. Outerness of free Bogoljubov actions
Although we do not need the following result in the rest of the paper, we
record the following observation, which is well-known to the experts and is
most likely folklore (although we could not find a precise reference).
Theorem 5.1. Let G be a countable group, and let π : G → O(HR) be a
∗-strongly continuous orthogonal representation of G on a real Hilbert space
HR. Then σ
pi
g is inner iff πg = 1. In particular, if πg 6= 1 for any g 6= e, the
Bogoljubov action σpi of G on Γ(HR)
′′ is outer.
Proof. Let g be an element of G so that πg 6= 1, and let α = σ
pi
g acting on
M = Γ(HR)
′′. Let T = πg. We may assume without loss of generality that
HR has dimension at least 2, so that M is a factor (otherwise, M is abelian,
and any non-trivial T gives rise to an outer transformation).
Suppose for a contradiction that α = Ad(u) for some unitary u ∈ M .
Then for any x ∈M ,
α(x) = uxu∗
and so α(u) = u.
Let H = HR⊗RC be the complexification of HR. We continue to denote
the complexification of T by the same letter. Let Ha ⊂ H be the closed
linear span of eigenvectors of T , Ha
R
= Ha ∩ HR be its real part. Then
N = Γ(Ha
R
)′′ ⊂ Γ(HR)′′ = M . Moreover, it is clear from the Fock space
decomposition of L2(M) that any eigenvectors for α must lie in L2(N), so
u ∈ N . Thus we may, without loss of generality, assume that N = M and
that eigenvectors of T densely span H.
Thus we may assume that
HR = R
n ⊕
⊕
k∈J
HkR,
where n ∈ {0, 1, . . . ,+∞}, each Hk
R
∼= R2 and T acts trivially on Rn and
acts on Hk
R
by a rotation of period 2π/ log λk. If we denote by hk, gk an
orthonormal basis for Hk
R
and we set ck = s(hk) + is(gk) ∈ M , then M ∼=
L(Fn) ∗W
∗(ck : k ∈ J), and α = id ∗β where β(cj) = exp(2πiλj)cj . Let
cj = ujbj be the polar decomposition of cj; thus β(uj) = exp(2πiλj)uj and
β(bj) = bj. By [29], bj and uj are freely independent and W
∗(bk : k ∈ J) ∼=
W ∗(uk : k ∈ J) ∼= L(F2|J |). It follows that M ∼= L(Fn) ∗ W ∗(bk : k ∈
J) ∗W ∗(uk : k ∈ J) ∼= L(Fn+|J |) ∗ L(F|J |) = N ∗ P in such a way that α
corresponds to the action id ∗γ where γ : P → P = W ∗(uk : k ∈ J) is given
by γ(uk) = exp(2πiλk)uk.
Since by assumption T is non-trivial, |J | ≥ 1 and also |J | + n ≥ 1. Thus
if α(x) = uxu∗ for all x ∈ M , then u must commute with N ⊂ N ∗ P ∼=
M . But N ′ ∩M = N ′ ∩ N = Z (N) (e.g. because as an N ,N -bimodule,
STRONGLY SOLID II1 FACTORS WITH AN EXOTIC MASA 21
L2(M) = L2(N) ⊕ (a multiple of coarse N ,N -bimodule)), so u ∈ Z (N).
But then uPu∗ = α(P ) ⊂ P , which is easily seen to be impossible by using
the free product decomposition of L2(M) in terms of L2(N) and L2(P ),
unless u = τ(u). But this is impossible, since α(s(h)) = s(Th) is a non-
trivial automorphism. 
6. Free Krieger algebras
Let ν be a probability measure on the torus T. Note that ν gives rise to
unital completely positive map η : A→ A, (A = L∞(T)), determined by
η(f)(x) =
∫
f(x− y)dν(y) = (f ∗ ν)(x),∀f ∈ C(T).
It is not hard to see that the von Neumann algebra M = Γ(Hν
R
,Z, πν)′′ ∼=
Φ(A, η) in the notation of [22], i.e., it is an example of a von Neumann alge-
bra generated by an A-valued semicircular system with covariance η (these
were called “free Krieger algebras” in [22], following the analogy between the
operation A 7→ Φ(A, η) and the crossed product operation A 7→ A⋊σ Z).
As we have seen, M has both the c.m.a.p. and the Haagerup property,
and thus for this specific choice of η, Φ(A, η) has these properties.
We point out that in general (even for abelian A), Φ(A, η) may fail to
have the Haagerup property for other choices of the completely positive
maps η. It is an interesting question to determine exactly when Φ(A, η) has
this property (and/or c.m.a.p.) as a condition on the completely-positive
map η : A→ A, A ∼= L∞[0, 1]. It is likely that the techniques of the present
paper would then apply to give solidity of Φ(A, η).
Proposition 6.1. There exists a choice of η : A→ A, A ∼= L∞[0, 1], so that
Φ(A, η) does not have the Haagerup property and is not weakly amenable,
i.e. Λcb(Φ(A, η)) =∞.
Proof. Let α be an action of a free group F2 on A ∼= L
∞[0, 1] so that
M = A ⋊α F2 does not have the Haagerup property and is not weakly
amenable (one could take, for example, an action measure equivalent to the
action of SL(2,Z) on A = L(Z2); the crossed product in this case has relative
property (T) and does not have the Haagerup property [19]. Moreover
it is not weakly amenable, i.e. Λcb(M) = ∞ (see [4]). Denote the two
automorphisms of A corresponding to the actions of the two generators of
F2 by α1, α2, and let ηj = αj + α
−1
j , η = η1 + η2.
Let σ be the free shift action of Z on F∞. Then by [22],
(8) Φ(A, η) ∼= Φ(A, η1) ∗A Φ(A, η2) ∼=
((A⊗¯L(F∞))⋊α1⊗σ Z) ∗A ((A⊗¯L(F∞))⋊α2⊗σ Z) ∼=
(A⊗¯[L(F∞) ∗ L(F∞)])⋊α⊗σ∗σ F2.
Thus Φ(A, η) contains M as a subalgebra. Since the Haagerup property and
the weak amenability are inherited by subalgebras, it follows that Φ(A, η)
cannot have the Haagerup property and is not weakly amenable. 
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